Abstract. The goal of this paper is to explicitly describe a minimal binomial generating set of a class of lattice ideals, namely the ideal of certain Veronese 3-fold projections. More precisely, for any integer d ≥ 4 and any d-th root e of 1 we denote by X d the toric variety defined as the image of the morphism ϕT d :
Introduction
A binomial ideal I ⊂ k[x 0 , . . . , x n ] with k a field is an ideal generated by polynomials with at most two summands, say ax α + bx β , where a, b ∈ k and α, β ∈ Z n+1 + . Binomial ideals are a large class of ideals which have been amply studied in Combinatoric, Commutative Algebra as well as in Algebraic Geometry. In [11] , it was stated that prime binomial ideals are precisely the defining ideals of toric varieties and hence they are lattice ideals, i.e. given a prime binomial ideal I ⊂ k[x 0 , . . . , x n ] there is a lattice L ⊂ Z n+1 such that I = I L := {x u − x v | u, v ∈ Z n+1 and u − v ∈ L}. Ever since, to compute explicitly a minimal set of generators for lattice ideals has been a challenging problem. It is worthwhile to point out that for a given generating set D of the lattice L the ideal I(D) = (x α + − x α − | α + , α − ∈ Z n+1 + , α + − α − ∈ D) ⊆ I L and the equality does not hold in general.
In [11] , Eisenbud and Sturmfels proved that I L is a prime ideal if and only if the lattice L is saturated. For prime binomial ideals, a set of generators D of L completely characterizes a set of generators of I L . Indeed, a generating set D of L is called a Markov basis if for any lattice point α + − α − ∈ L there exits a finite sequence {a 1 , . . . , a t } ⊂ Z n+1 + satisfying a 1 = α + , a t = α − and a i − a i+1 ∈ D for all 1 ≤ i ≤ t. In [9] , Diaconis and Sturmfels showed that given a set of generators D of L then I(D) = I L if and only if D is a Markov basis. We cite [5] , [6] , [7] , [9] and [14] for a detailed exposition of Markov bases of lattice ideals and related problems.
In this paper, we focus our attention in computing a minimal binomial set of generators of a large family of binomial ideals I(X d ). They are the ideals associated to suitable projections of Veronese 3-folds. A Veronese 3-fold V is a projective variety given parametrically by the set M 3,d of all monomials of degree d in k[x 0 , x 1 , x 2 , x 3 ] and by a projection of V we understand a projective 3-fold given parametrically by a subset of M 3,d . In [10] , Gröbner proved that V is arithmetically Cohen-Macaulay (aCM, for short) and its ideal I(V ) is generated by quadrics. This is not longer true for all projections of V and it is a longstanding open problem to find a minimal set of generators of any projection of V as well as determine whether a projection of V is aCM. In this paper, we will consider as a subset of M 3,d the set T d of all monomials of degree d invariant under the action of the diagonal matrix M(1, e, e 2 , e 3 ) where e is a primitive root of 1 of order d.
Our interest in these ideals T d relies on the following three facts: (1) For all d ≥ 4 T d fails the Weak Lefschetz property (WLP) in degree d − 1; (2) The associated morphism ϕ T d : P 3 −→ P µ(T d )−1 is a Galois cover of degree d with cyclic Galois group Z/dZ and the image X d of ϕ T d is a 3-dimensional rational projective variety smooth outside the image of the 4 fundamental points. We call it a GT-threefold; and (3) the 3-fold Y d = Im(φ) where φ : P n P ( Our goal is to prove that the homogeneous ideal I(X d ) of the GT -threefold X d is the homogeneous prime binomial ideal associated to a saturated partial character η of Z
with associated lattice L η . Afterwards we explicitly compute a minimal binomial set of generators of I(X d ). The lattice points associated to these set of generators form a Markov basis of L η . Our main result states that I(X d ) is generated by quadrics if d is even and by quadrics and cubics if d is odd.
Next we outline the structure of this note. In Section 2, we fix the notation we use in the rest of this paper, we relate artinian ideals failing the Weak Lefschetz Property to projective varieties satisfying at least one Laplace equation and we recall the notion of Togliatti systems and GT -systems introduced in [19] and [17] . In Section 3, we give an explicit description of all monomials T d , d ≥ 4, invariant under the action of the diagonal matrix M(1, e, e 2 , e 3 ) and we prove that T d is a GT-system (Proposition 3.3).
The main body of this work is developed in Sections 4 and 5. We denote by X d the GTthreefold associated to the GT-system T d and we first show that X d is an irreducible toric variety whose associated ideal I(X d ) is a lattice ideal. In section 4, we consider the ideal I d generated by all binomials of degree 2 vanishing in X d . We associate to I d a lattice L η and a partial character η of Z µ(T d ) . We demonstrate that L η is a saturated lattice of rank µ(I d ) − 4 (Theorem 4.3) and we show that I(X d ) is the lattice ideal I + (η) of L η (Corollary 4.4). In Section 4, we also describe a Z-basis of the lattice L η (Corollary 4.16) and we explore the relation between I d and I + (η).
We devote Section 5 to explicitly determine a minimal set of generators of the lattice ideals I(X d ). Our main result states that
where J is an ideal generated by certain set of cubics of I(X d ) that we properly specify (Theorem 5.6). All techniques and results we develop to study the lattice ideal I(X d ) are inspired by the ones of Markov basis explained in [9] , [14] and [7] . The set of lattice points of generators of I d if d even and I d and J if d odd forms a Markov basis of L η . In Section 6, we observe that all GT -varieties are aCM and we concern about computing a minimal free resolution of X d .
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Preliminaries
Throughout this paper we consider the homogeneous polynomial ring R = k[x 0 , · · · , x n ] where k is an algebraically closed field of characteristic zero. Let I ⊂ R be a homogeneous artinian ideal. We say that I has the Weak Lefschetz Property (WLP) if there is a linear form L ∈ (R/I) 1 such that, for all integers j, the multiplication map ×L : (R/I) j−1 → (R/I) j has maximal rank, i.e. it is injective or surjective. Though many homogeneous artinian ideals are expected to have the WLP, establishing this property is often rather difficult. Recently the failure of the WLP has been connected to a large number of problems which seem to be unrelated at first glance. For example, in [19] , Mezzetti, Miró-Roig and Ottaviani proved that the failure of the WLP is related to the existence of varieties satisfying at least one Laplace equation of order greater than 2. More precisely, they proved: Motivated by the above results, Mezzetti, Miró-Roig and Ottaviani introduced the following definitions (see [19] and [17] ): Definition 2.2. Let I ⊂ R be an artinian ideal generated by r forms of degree d, and r ≤ n+d−1 n−1
. We will say:
(i) I is a Togliatti system if it fails the WLP in degree d − 1.
(ii) I is a monomial Togliatti system if, in addition, I can be generated by monomials.
(iii) I is a smooth Togliatti system if, in addition, the rational variety X is smooth.
(iv) A monomial Togliatti system I is minimal if there is no proper subset of the set of generators defining a monomial Togliatti system.
The names are in honor of Togliatti who classified all rational surfaces parameterized by cubics and satisfying at least one Laplace equation of order 2 and he proved that for n = 2 the only smooth Togliatti system of cubics is
(see [3] , [22] and [23] ). The systematic study of Togliatti systems was initiated in [19] and for recent results the reader can see [20] , [17] , [1] , [21] and [18] . Precisely in the latter reference the authors introduced the notion of GT-system which we recall now. Definition 2.3. A GT-system is an artinian ideal I ⊂ R generated by r forms F 1 , . . . , F r of degree d such that:
ii) The regular map φ I : P n → P r−1 defined by (F 1 , . . . , F r ) is a Galois covering of degree d with cyclic Galois group Z/dZ.
Any representation of the cyclic group Z/dZ as subgroup of GL(n + 1, k) can be diagonalized. In particular it is represented by a diagonal matrix of the form
where e is a primitive dth root of 1 and α 0 , α 1 , . . . , α n are integers with
It follows (see [8, Proposition 4.6] ) that the above definition is equivalent to the next one:
A GT-system will be an ideal Finally, note that the ideal I d α 0 ,...,αn is always monomial, i.e. a GT-system is a monomial Togliatti system.
GT-systems and GT-varieties
Through this section we fix an integer d ≥ 4, a dth-root of unity e and we write d = 2k + ε = 3k ′ + ρ with ε ∈ {0, 1} and ρ ∈ {0, 1, 2}. We denote
generated by the µ(T d ) monomials of degree d invariant under the action of the diagonal matrix M(1, e, e 2 , e 3 ). In this section, we will describe the ideal T d and we will prove that T d is a GT -system for all d ≥ 4. We also define the GT -varieties X d and their apolar varieties Y d . The homogeneous ideal I(X d ) of a GT -variety X d is a lattice ideal. A basis of the lattice and a system of generators of the lattice ideal will be effectively computed in next sections.
A monomial x α y β z δ t γ ∈ R of degree d belongs to T d if it is invariant under the action of M(1, e, e 2 , e 3 ) or, equivalently if α, β, δ, γ satisfy:
The solutions of ( * ) in terms of γ and r are the following:
We sum separately for r = 1 and r = 2; we have
⌉, and
We only have to focus on the sum of the series of the type
⌉ with ε ∈ {0, 1}. We can rewrite the series as follows: if N = 2j,
From this, we conclude
we verify that µ(
We finish this section studying the geometric properties of the rational 3-fold associated to the GT-system T d . The morphism ϕ T d : P 3 −→ P µ(T d )−1 associated to the GT-system T d is a Galois cover of degree d with cyclic Galois group Z/dZ represented by M(1, e, e 2 , e 3 ). In particular, a general fibre of ϕ T d consists of d points, and hence the image of ϕ T d is a 3-dimensional rational projective variety. Definition 3.4. We call GT-variety and we denote it by X d the rational 3-fold defined as the image of ϕ T d .
is unramified outside the four fundamental points of (1, 2, 3), P 1 is of type
Remark 3.5. (1) It is worthwhile to point out that the rational 3-fold X d is also a Galois covering of P 3 with Galois group Z/dZ. The covering map X d → P 3 composed with ϕ T d is and ρ ∈ {0, 1, 2}. We want to determine the homogeneous ideal I(X d ) of the GT -threefold
As we already pointed out our main goal is to prove that I(X d ) is generated by quadrics if d is even and by quadrics and cubics if d is odd (see Corollary 5.7) but first we will explicitly describe a Z-basis of the lattice L η associated to I(X d ) (see Theorem 4.3).
The ideal T d is generated by the set {x
. All these monomials are uniquely determined by a triple (r, γ, δ) ∈ W d and often we will denote
Definition 4.1. We define the binomial ideal
Let us illustrate the above definition with an example.
. We have (Example 3.2):
and
we obtain twelve generators for I 4 :
By construction it follows that I d vanishes on X d , and hence
] be the ring of Laurent polynomials over k. To each binomial
we associated a Laurent binomial
They generate a Laurent binomial ideal whose associated partial character is the trivial one
. Now we state the main result of this section.
Proof. Theorem 4.3 (1) implies that I + (η) is a prime ideal of codimension 4 (see [11, Corollary 2.5 and 2.6]). From Theorem 4.3 (2) it follows that
Therefore, I + (η) is the homogeneous ideal of an irreducible 3-dimensional variety contained in X d . Since X d is irreducible we conclude that I + (η) = I(X d ) which proves what we want.
We trivially have
In next section we will discuss whether the equality holds. Now we devote the rest of this section to prove Theorem 4.3.
Definition 4.5. Fixed n ≥ 2, we define a suitable n-binomial to be a nonzero binomial
Remark 4.6. Any suitable n-binomial w α vanishes in X d . Therefore, all suitable n-binomials belong to I(X d ). Moreover, the generators of I d are suitable 2-binomials.
Otherwise, we say that w α is trivial.
Example 4.8. The set of generators for I 4 in Example 4.2 are the set of all non-trivial suitable 2-binomials.
] be a monomial of degree n. We say that m admits a suitable n-binomial if there exists a monomial
Let us order the elements (r, γ, δ) ∈ W d lexicographically.
Definition 4.10. We say that w (r,γ,δ) ∈ k[w (r,γ,δ) ] admits a special n-binomial if there exists a non trivial suitable n-binomial m − m
Example 4.12. For d = 4, the set of elements admitting a special 2-binomial is W 4 − {(1, 1, 0), (2, 1, 2), (2, 2, 0), (2, 2, 1), (3, 4, 0)} while the element (1, 1, 0) admits a special 3-binomial:
If there exists such monomial m ′ , it has to be of the form ⌉. Observe that we always have
⌋. From the properties of the floor and ceiling functions we have
where the equality holds when γ 1 and γ 2 are not both odd. If the equality holds we can find values δ 1 and δ 2 such that
The last condition always happens except for γ = δ = 0 when ε = 1. Finally, if γ 1 and γ 2 are odd (and, hence, γ ≥ 2), the result follows taking
Proof. It is enough to treat the 3 exemptions of Lemma 4.13. For ε = 1 and (1, γ, δ) = (1, 0, 0) it is enough to observe that
Proof. For any (2, γ, δ) ∈ W d different from the excluded cases we consider the monomial
⌋. Set γ 1 := γ + 1 and γ 2 := γ ′ − 1. Unless γ and γ ′ are even, and δ = (2d − 3γ)/2 (hence
If γ and γ ′ are even, δ = (2d − 3γ)/2 and γ < 2k ′ − 2 we take γ 1 := γ + 2 and γ 2 := 2k ′ − 2.
Then, there exists δ i with max{0,
′ − 2 and δ = 3, the element (2, 2k ′ − 2, 3) does not admit a special 2-binomial but it admits a special 3-binomial:
. From now on we set:
Up to now we have seen that for any (r, γ, δ) ∈ W ′ d the variable w (r,γ,δ) admits a special 2-binomial or 3-binomial.
For each (r, γ, δ) ∈ W ′ d set D (r,γ,δ) to be one of its special binomials and note α (r,γ,δ) its lattice point. We call {D (r,γ,δ) } (r,γ,δ)∈W ′ d a system of special binomials and {α (r,γ,δ) } (r,γ,δ)∈W ′ d its associated system of lattice points. The matrix associated to any system of lattice points is upper triangular. So we have the following result:
Example 4.17. For d = 4 we can chose as a system of special binomials
The matrix associated to its system of lattice points is
is Z-basis of Z 6 .
Next we prove that any system of lattice points is a Z-basis of the lattice L η . In the sequel we fix {D (r,γ,δ) } (r,γ,δ)∈W ′ 
with associated lattice point
, where the summing
) means that we only consider those elements 
Proof. Since w α h is a suitable n-binomial, it holds that 2(A 1 + A 2 + A 3 ) + 3A 4 = 2(B 1 + B 2 + B 3 ) + 3B 4 . In other words, the r's involved in supp(α For sake of completeness we specify α h in each case.
Since w α h is a suitable n-binomial, a straightforward computation shows that A i = B i , i = 1, 2, 3.
A minimal set of generators for GT-lattice ideals
In the previous section we have stated that I(X d ) is a lattice ideal and we have given a Z-basis of the associated lattice L η as well as a system of generators of I(X d ) ( Theorem 4.3 (2)). Precisely, I(X d ) is generated by all non trivial suitable n-binomials with n ≥ 2. Now we want to determine a minimal set of generators for I(X d ). More concretely, we will prove that the GT -lattice ideal I(X d ) is generated by quadrics if d is even and by quadrics and cubics if d is odd (Corollary 5.7). As in previous sections d ≥ 4 and we write d = 2k + ε = 3k ′ + ρ, with ε ∈ {0, 1} and ρ ∈ {0, 1, 2}. For each n ≥ 2 we denote I + (η) n the set of all suitable n-binomials and (I + (η) n ) the ideal of k[w (r,γ,δ) ] generated by them. Therefore, we have
Definition 5.1. Let w α = w α + − w α − be a non trivial suitable n-binomial. By an I + (η) nsequence from w α + to w α − we mean a finite sequence {w a 1 , . . . , w at } of monomials in k[w (r,γ,δ) ] satisfying the following two conditions:
The second condition in the above definition says that for each 1 ≤ j < t, there exists a variable w (r j ,γ j ,δ j ) ∈ supp(w a j ) ∩ supp(w a j+1 ). Thus each w a j − w a j+1 belongs to (I + (η) n−1 ).
Example 5.2. Any trivial suitable n-binomial w α + − w α − gives rise to the I + (η) n -sequence {w α + , w α − }. Proof. Suppose that w α ∈ (I + (η) n−1 ). We note I + (η) n−1 := {q 1 , . . . , q N } with N the number of all suitable (n − 1)-binomials and q j = q
By hypothesis there exist homogeneous linear forms l 1 , . . . , l N such that w
, where a j (r,γ,δ) ∈ k for all (r, γ, δ) ∈ W d and j = 1, . . . , N. Therefore
Hence, there exists j 0 such that a j 0 (r 0 ,γ 0 ,δ 0 ) = 1 and
(r 0 ,γ 0 ,δ 0 ) = 1 (analogously we deal with the case a j 0
. We have
We iterate the process, first with w a 2 , we construct the I + (η) n -sequence; and taking into account that the number of summands decreases at each step we can assure that we end with what we are looking for. We only have to note that the described process stops, since at each step we reduce the number of members of the linear combination, which is finite. Therefore w at = w α − for some t > 2.
Let m be the smallest integer m ≥ 2 such that any suitable (m + 1)-binomial of I + (η) m+1 admits a I + (η) (m+1) -sequence. By (4.4) and Proposition 5.4 we have 
We devote the rest of this section to prove Theorem 5.6 but first let us illustrate it with a couple of examples.
Example 5.8. Using the software Macaulay2, we check that I(X 4 ) = T 4 (see Example 4.2).
Example 5.9. Fix d = 5, the binomial ideal I 5 is generated by twenty suitable 2-binomials, all lattice points satisfying the equation (r 1 , γ 1 , δ 1 ) + (r 2 , γ 2 , δ 2 ) = (r 3 , γ 3 , δ 3 ) + (r 4 , γ 4 , δ 4 ).
plus eight non trivial suitable 3-binomials of I + (η) 3 : Now we develop our main techniques in constructing I + (η) n -sequences. Let m = n i=1 w (r i ,γ i ,δ i ) be a monomial of degree n ≥ 2 and let w (r i j ,γ i j ,δ i j ) be f variables on the support of m,
is a trivial suitable n-binomial. So determining whether a monomial admits a suitable f -binomial gives us a method to construct I + (η) n -sequence from a given monomial. Let us start analyzing whether a monomial w (r,γ,δ) w (r ′ ,γ ′ ,δ ′ ) of degree 2 admits a suitable 2-monomial. 
Proof. If m admits a suitable 2-binomial
. In any other case we take
.
Lemma 5.11. Suppose ε = 1. 
Proof. (i) We want to determine a monomial m
, we take (1, γ 1 , δ 1 ) = (1, 0, 1) and (2, γ 2 , δ 2 ) = (2, γ, δ − 1). Let us to consider the remainder cases (2, γ, max{0, d−2γ}) with γ = 0, . . . , 2k ′ +⌊ ρ 2 ⌋. If γ > k+1, (2, γ, max{0, d−2γ}) = (2, γ, 0) and we take (1, γ 1 , δ 1 ) = (1, 1, 0) and (2, γ 2 , δ 2 ) = (2, γ−1, 0). For 0 ≤ γ ≤ k + 1 a monomial m ′ with γ 1 + γ 2 = γ and δ 1 + δ 2 = δ does not exist because we necessarily have γ 1 = i and γ 2 = γ − i for some 0
The proof of (ii) is analogous and we leave it to the reader. 
⌋. The last equality is achieved only when ρ = 0.
(2) Suppose ρ = 1. Any monomial m = w (1,k ′ ,0) w (2,γ,δ) admits a suitable 2-binomial except when γ = 2k
. In any other case we take m
. Any monomial m =
The proof is analogous and we left it to the reader. 
This implies that we can find a monomial of degree (n − 1) on the support of w α + (respectively w α − ) admitting a suitable (n − 1)-binomial.
May we suppose that w α + belongs to the above list. From Lemmas 5.10, 4.13 and 5.11 it follows that any monomial of degree 2 that we can form from supp(w u + ) in (i), (ii) and (iii) do not admit a non trivial suitable 2-binomial contradicting the existence of an I + (η) 3 -sequence from w α + to w α − . In case (iv) we only have to treat the monomials associated to (1, 0, 0) + (2, γ, d − 2γ) for γ = 0, . . . , k and (1, 0, 0) + (2, k + 1, 0). Fix γ ∈ {0, . . . , k + 1} and assume that there exist (1, γ 1 , δ 1 ) > (1, 0, 0) and (2, γ 2 , δ 2 ) < (2, γ, δ) such that γ 1 + γ 2 = γ and δ 1 + δ 2 = d − 2γ for γ = 0, . . . , k; and δ 1 + δ 2 = 0 for γ = k + 1. Write γ 2 = γ − γ 1 , therefore δ 2 ≥ δ + 2γ 1 .
From this we deduce that δ 1 + δ 2 ≥ δ 1 + δ + 2γ 1 and hence δ 1 + 2γ 1 must be zero, that is δ 1 = 0 = γ 1 , which is a contradiction.
Proposition 5.14. Suppose ε = 1.
(1) The monomials
Proof. (1) It is enough to exhibit explicitly a 3-binomial in each case.
is a suitable 3-binomial, we must have γ 1 = γ 2 = γ 3 = 0 and δ 1 +δ 2 +δ 3 = 3k +1. However, δ 1 , δ 2 , δ 3 ≤ k. If w (2,γ 1 ,δ 1 ) w (2,γ 2 ,δ 2 ) w (2,γ 3 ,δ 3 ) forms a 3-binomial, in these cases, since δ 1 + δ 2 + δ 3 ∈ {0, 1}, we must have γ 1 , γ 2 , γ 3 ≥ k. But when γ = k, γ 1 + γ 2 + γ 3 = 3k + 1 implies that some (2, γ i , δ i ) = (2, k, 1). Finally, if γ = k + 1, then γ 1 , γ 2 , γ 3 ≥ k + 1 hence we find a similar argument. In the sequel we fix n ≥ 3, otherwise indicated. Any non trivial suitable n-binomial w α = w α + − w α − is associated to a lattice point α of the form:
for integers 0 ≤ a, b, c, e, A, B, C, E ≤ n and aA = 0 = eE. Since w α is a suitable n-binomial, we have restrictions a + b + c + e = A + B + C + E and b + 2c + 3e = B + 2C + 3E. Proof. We write 
we can write k,1) ). Then we argue as in Case 3 decreasing a and e unless w α + = w d,0) ) but such monomial does not admit a non trivial suitable n-binomial and the proof is completed.
Remark 5.17. It is easy to observe that any suitable n-binomial w
Example 5.18. (1,0,2) w (3, 5, 0) . We observe that w (0,0,0) / ∈ supp(w a 1 ). The monomial w (1,0,1) w (3,5,0) admits a suitable 2-binomial w (1,0,1) w (3,5,0) − w (2,2,1) w (2, 3, 0) . We now define w a 2 := w 2 (1,0,2) w (2,2,1) w (2, 3, 0) . We obtain the I + (η) 4 -sequence be trivial or even more it could be zero. In the first case {w α + , . . . , w
. . , w α − } is an I + (η) n -sequence. In the other case let t + , t − ≥ 0 be the length of the respective I + (η) n -sequences. Since w α is non trivial we must have t + > 0 or t − > 0. Assume t + > 0 (analogously, for t + = 0 and t − > 0). Therefore {w α + , . . . , w a t + −1 , w α ′ − , . . . , w α − } is an I + (η) n -sequence. In next Proposition we deal with the case that w
be a non trivial suitable n-binomial with n ≥ 3. Therefore, there exist I + (η) n -sequences {w α + , . . . , w α + r } and {w α − , . . . , w
Proof. May we assume that
) and let γ ℓ be first such that γ j = γ and then {w a + , w a 2 } is an I + (η) n -sequence and w a 2 , w a − share the same γ in position ℓ. We assume that the MBP appears and we divide the discussion in several subcases based on the parity of d.
1.1 ε = 0, γ ℓ and γ i even and s odd. 1.1 ε = 1, r l = r i = 2, γ ℓ and γ i even and s odd. 1.3 ε = 1 , r l = r i = 1, γ ℓ and γ i odd and s odd. 1.4 ε = 1, r l = 1, r i = 2, γ ℓ odd, γ i even and s odd.
We treat 1.1, the remainder cases are similar and we leave them to the reader. We will modify both w a + and w a − . When doing γ ℓ − (s + 1) and γ i + (s + 1) the MBP disappears. Since γ ℓ and γ i are even and s is odd we get that γ 
